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a b s t r a c t
The Fourier solution of the wave equation for a circular vibrating membrane is generalized
to a star-like-shaped structure. We show that the classical solution can be used in this
more general case, provided that a suitable change of variables in the spherical co-ordinate
system is performed.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Many applications of mathematical physics and electromagnetics are connected with the Laplacian:
• The wave equation vtt = a2 ∆v;
• The heat propagation vt = κ ∆v;
• The Laplace equation ∆v = 0;
• The Helmholtz equation ∆v + k2v = 0;
• The Poisson equation ∆v = f ;
• The Schrödinger equation − h22m ∆ψ + Vψ = Eψ .
However, most of the boundary-value problems (BVPs) relevant to the Laplacian can be solved in explicit form only in
domains with very special shapes or symmetries, namely intervals, cylinders or spheres [1].
The solution in more general domains can be obtained by using the Riemann theorem on conformal mappings, and the
relevant invariance of the Laplacian [2]. However, explicit conformal mappings are known only for particular domains.
Different techniques have been proposed for solving the general problem, both from a theoretical and a numerical
point of view (see e.g. [3], representing the solution by using boundary layer techniques; [4], comparing several numerical
methods; [5], solving by iterative methods the corresponding boundary integral equation; [6], approximating the relevant
Green function by the least squares method; [7], considering the system of linear equations arising from an unusual
finite-difference approximation; [8], solving linear systems relevant to elliptic partial differential equations by relaxation
methods). Anyway, none of the contributions already available in the scientific literature deals with our approach, which
makes use of simple tools, tracing back to the original Fourier method.
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We consider in this article an extension of the classical theory for the wave equation to the case of a star-like domain,
i.e. a domainD , which is normal with respect to a suitable spherical co-ordinate system, so that ∂D can be interpreted as
an anisotropically stretched unit circle. In particular, the boundary of the domains we have considered in all our applications
are defined by using the so called ‘‘superformula’’ due to Gielis [9].
We show how to modify some classical formulas, and we derive methods to compute the coefficients of Fourier-type
expansions representing solutions of the classical wave equation in complex domains. We have considered only regular
functions for the boundary, and the initial data, but the relevant results can be easily generalized considering weakened
hypotheses.
2. The Laplacian in stretched polar co-ordinates
We introduce in the x, y plane the usual polar co-ordinate system:
x = ρ cosϑ, y = ρ sinϑ, (2.1)
and the polar equation of ∂D
ρ = R (ϑ) , (0 ≤ ϑ ≤ 2pi), (2.2)
where R (ϑ) is a piecewise C2 function in [0, 2pi ]. We suppose the domain D satisfies
0 < A ≤ ρ ≤ R (ϑ) , (2.3)
and therefore minϑ∈[0,2pi ] R (ϑ) > 0.
We introduce the stretched radius %∗ such that
ρ = %∗R (ϑ) , (2.4)
and the curvilinear (i.e. stretched) co-ordinates %∗, ϑ in the x, y plane
x = %∗R (ϑ) cosϑ, y = %∗R (ϑ) sinϑ . (2.5)
Therefore,D is obtained assuming 0 ≤ ϑ ≤ 2pi , 0 ≤ %∗ ≤ 1.
Remark 1. Note that, in the stretched co-ordinate system the original domainD is transformed into the unit circle, so that
in this systemwe can use for the transformed Laplace equation all the classical techniques, including separation of variables.
We consider a C2
(
D˚
) × C1 (R+) function v (x, y, t) = v (ρ cosϑ, ρ sinϑ, t) = u (ρ, ϑ, t) and the Laplace operator in
polar co-ordinates
∆2u = ∂
2u
∂ρ2
+ 1
ρ
∂u
∂ρ
+ 1
ρ2
∂2u
∂ϑ2
. (2.6)
We start representing this operator in the new stretched co-ordinate system %∗, ϑ . Setting
U
(
%∗, ϑ, t
) = u (%∗R (ϑ) , ϑ, t) , (2.7)
we find (denoting for shortness R (ϑ) := R)
∂u
∂ρ
= 1
R
∂U
∂%∗
, (2.8)
∂2u
∂ρ2
= 1
R2
∂2U
∂%∗2
, (2.9)
∂u
∂ϑ
= −%∗ R
′
R
∂U
∂%∗
+ ∂U
∂ϑ
, (2.10)
∂2u
∂ϑ2
= %∗ 2R
′2 − RR′′
R2
∂U
∂%∗
+ %∗2 R
′2
R2
∂2U
∂%∗2
− 2%∗ R
′
R
∂2U
∂%∗∂ϑ
+ ∂
2U
∂ϑ2
. (2.11)
Substituting we find our result, i.e.
∆2u = ∂
2u
∂ρ2
+ 1
ρ
∂u
∂ρ
+ 1
ρ2
∂2u
∂ϑ2
= 1
R2
(
1+ R
′2
R2
)
∂2U
∂%∗2
+ 1
%∗R2
(
1+ 2R
′2 − RR′′
R2
)
∂U
∂%∗
− 2R
′
%∗R3
∂2U
∂%∗∂ϑ
+ 1
%∗2R2
∂2U
∂ϑ2
. (2.12)
For %∗ = ρ, R (ϑ) ≡ 1, we recover the Laplacian in polar co-ordinates.
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3. An equivalent formulation
For further computations, it is easier to change the polar equation of ∂D by setting
Υ := Υ (ϑ) := 1
R (ϑ)
(0 ≤ ϑ ≤ 2pi). (3.1)
The unit circle is recovered whenever Υ (ϑ) ≡ 1.
Using this polar equation, the corresponding stretched co-ordinates %∗, ϑ in the x, y plane are given by
x = %
∗
Υ (ϑ)
cosϑ, y = %
∗
Υ (ϑ)
sinϑ, (3.2)
and assuming again, for shortness:
U
(
%∗, ϑ, t
) = u( %∗
Υ (ϑ)
, ϑ, t
)
, (3.3)
the Laplacian becomes:
∆2u =
(
Υ 2 + Υ ′2) ∂2U
∂%∗2
+ Υ
2 + ΥΥ ′′
%∗
∂U
∂%∗
+ 2ΥΥ
′
%∗
∂2U
∂%∗∂ϑ
+ Υ
2
%∗2
∂2U
∂ϑ2
. (3.4)
For %∗ = ρ, Υ (ϑ) ≡ 1, we find again the Laplacian in polar co-ordinates.
4. The wave equation for a star-like-shaped vibrating membrane
Let us consider amembrane with normal polar shapeD and formed by amaterial characterized by constant propagation
speed a. Moreover, suppose the boundary displacement is zero for every t ≥ 0, and the initial displacement and velocity
distributions are given by the continuous functions f (x, y) and g (x, y) respectively, so that the problem of finding the
displacement at any location within the body for every t > 0 is expressed by
∂2
∂t2
v (x, y, t) = a2∆2v (x, y, t) , in D˚,
v (x, y, t)|(x,y)∈∂D = 0,
v (x, y, 0) = f (x, y) ,
∂
∂t
v (x, y, 0) = g (x, y) .
(4.1)
Theorem 4.1. Let
f
(
%∗R (ϑ) cosϑ, %∗R (ϑ) sinϑ
) = F (%∗, ϑ) = +∞∑
m=0
[
αm
(
%∗
)
cosmϑ + βm
(
%∗
)
sinmϑ
]
, (4.2)
g
(
%∗R (ϑ) cosϑ, %∗R (ϑ) sinϑ
) = G (%∗, ϑ) = a
R (ϑ)
+∞∑
m=0
[
γm
(
%∗
)
cosmϑ + δm
(
%∗
)
sinmϑ
]
, (4.3)
where {
αm
(
%∗
)
βm
(
%∗
) } = m
2pi
∫ 2pi
0
F
(
%∗, ϑ
) {cosmϑ
sinmϑ
}
dϑ, (4.4)
{
γm
(
%∗
)
δm
(
%∗
) } = m
2pia
∫ 2pi
0
G
(
%∗, ϑ
)
R (ϑ)
{
cosmϑ
sinmϑ
}
dϑ, (4.5)
and m is Neumann’s symbol [1]. Then, the initial-value problem for the wave equation (4.1) admits a classical solution
v (x, y, t) ∈ C2 (D˚ × R+) ∩ C0 (D¯ × R+) (4.6)
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such that the following generalized Fourier expansion in terms of Bessel functions holds
v (x, y, t) = u (ρ, ϑ, t) =
+∞∑
m=0
+∞∑
k=1
Jm
(
ζ
(m)
k ρ
R (ϑ)
)[
Am,k cosmϑ cos
aζ (m)k t
R (ϑ)
+
+ Bm,k sinmϑ cos aζ
(m)
k t
R (ϑ)
+ Cm,k cosmϑ sin aζ
(m)
k t
R (ϑ)
+ Dm,k sinmϑ sin aζ
(m)
k t
R (ϑ)
]
, (4.7)
where ζ (m)k denotes the kth positive root of the Bessel function of the first type and order m ∈ N0. Imposing the initial conditions
U (%∗, ϑ, 0) = F (%∗, ϑ) and Ut (%∗, ϑ, 0) = G (%∗, ϑ), the coefficients Am,k, Bm,k, Cm,k, Dm,k are found to be{
Am,k
Bm,k
}
= 2
Jm+1
(
ζ
(m)
k
)2 ∫ 1
0
{
αm
(
%∗
)
βm
(
%∗
) } Jm (ζ (m)k %∗) %∗d%∗, (4.8)
{
Cm,k
Dm,k
}
= 2
ζ
(m)
k Jm+1
(
ζ
(m)
k
)2 ∫ 1
0
{
γm
(
%∗
)
δm
(
%∗
) } Jm (ζ (m)k %∗) %∗d%∗, (4.9)
with m ∈ N0, k ∈ N.
Proof. Noting that in the stretched co-ordinates for the x, yplane the domain D becomes the unit circle,we canuse the usual
eigenfunction method [10] and separation of variables (with respect to the variables r , ϑ , t). As a consequence, elementary
solutions of the problem can be searched in the form
u (ρ, ϑ, t) = U
(
ρ
R (ϑ)
, ϑ, t
)
= P (ρ)Θ (ϑ) T (t) . (4.10)
Substituting into thewave equationwe easily find that the functions P (·),Θ (·), T (·)must satisfy the ordinary differential
equations
d2T (t)
dt2
+ a2λ2 (ϑ) T (t) = 0,
d2Θ (ϑ)
dϑ2
+ µ2Θ (ϑ) = 0,
ρ2
d2P (ρ)
dρ2
+ ρ dP (ρ)
dρ
+ [λ2 (ϑ) ρ2 − µ2] P (ρ) = 0.
(4.11)
The parameter µ is a separation constant whose choice is governed by the physical requirement that at any fixed point
in space the displacement must be single-valued. So, by setting
µ = m ∈ Z, (4.12)
we find
Θ (ϑ) = am cosmϑ + bm sinmϑ, (4.13)
where am, bm ∈ R denote arbitrary constants. The radial function P (·) satisfying (4.11) can be readily expressed as follows
P (ρ) = cmJm (λ (ϑ) ρ)+ dmYm (λ (ϑ) ρ) , (cm, dm ∈ R). (4.14)
As usual we have to assume dm = 0 for the boundedness of the solution. Furthermore, imposing the boundary condition
u (R (ϑ) , ϑ, t) = 0, we find that λ (ϑ) = ζ (m)k /R (ϑ), (k ∈ N), since it must run over the set of zeros of the Bessel
function Jm (·).
Therefore, the general solution of the wave problem (4.1) can be searched in the form
U
(
%∗, ϑ, t
) = +∞∑
m=0
+∞∑
k=1
Jm
(
ζ
(m)
k %
∗
)[
Am,k cosmϑ cos
aζ (m)k t
R (ϑ)
+
+ Bm,k sinmϑ cos aζ
(m)
k t
R (ϑ)
+ Cm,k cosmϑ sin aζ
(m)
k t
R (ϑ)
+ Dm,k sinmϑ sin aζ
(m)
k t
R (ϑ)
]
. (4.15)
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Table 1
Relative boundary error eM,K for different expansion orders of the Fourier-like solution of the initial-value problem for the wave equation (4.1) within the
domainD described by the polar equation (5.1) with parameters γ1 = γ2 = 3/4, p = q = 5, ν0 = 2, ν1 = ν2 = 7.
eM,K M = 0 M = 25 M = 50
K = 1 99.955% 67.915% 67.911%
K = 25 99.742% 15.014% 14.989%
K = 50 99.736% 03.843% 03.828%
This implies
Ut
(
%∗, ϑ, t
) = a
R (ϑ)
+∞∑
m=0
+∞∑
k=1
ζ
(m)
k Jm
(
ζ
(m)
k %
∗
)[
−Am,k cosmϑ sin aζ
(m)
k t
R (ϑ)
+
− Bm,k sinmϑ sin aζ
(m)
k t
R (ϑ)
+ Cm,k cosmϑ cos aζ
(m)
k t
R (ϑ)
+ Dm,k sinmϑ cos aζ
(m)
k t
R (ϑ)
]
. (4.16)
So, imposing the initial conditions U (%∗, ϑ, 0) = F (%∗, ϑ), Ut (%∗, ϑ, 0) = G (%∗, ϑ), and using Fourier’s method, the
Eqs. (4.8) and (4.9) easily follow. 
Remark 2. Note that the above formulas still holds if the function R (ϑ) is a piecewise continuous function, and if the
initial data are given by square integrable functions, not necessarily continuous, so that the relevant coefficients αm (%∗),
βm (%
∗), γm (%∗), δm (%∗) in equations (4.2) and (4.3) are finite functions of the normalized radial variable %∗.
5. Numerical examples
In the following examples we assume for the boundary ∂D a general polar equation of the type
R(ϑ) =
(∣∣∣∣∣ cos
pϑ
4
γ1
∣∣∣∣∣
ν1
+
∣∣∣∣∣ sin
qϑ
4
γ2
∣∣∣∣∣
ν2
)−1/ν0
, (5.1)
as introduced by Gielis in [9].
In numerical experiments, computed by using Mathematica©, we assume different values of the seven parameters p,
q, γ1, γ2, ν0, ν1, ν2, obtaining very different shapes for the considered domain, including ellipses, Lamé curves (also called
Superellipses), ovals, m-fold symmetric figures, and so on. It was noticed in [9] that many characteristic forms occurring in
Nature (starfish, equisetum, raspberry, etc.) can be obtained in such a way. We emphasize that almost all two-dimensional
normal polar domains are described (or at least approximated in a close way) by the above mentioned curves.
To assess the performance of the proposed algorithm in terms of numerical accuracy and convergence rate, the relative
boundary error has been evaluated as follows
eM,K = 12
(∥∥UM,K (%∗, ϑ, 0)− F (%∗, ϑ)∥∥
‖F (%∗, ϑ)‖ +
∥∥∂tUM,K (%∗, ϑ, 0)− G (%∗, ϑ)∥∥
‖G (%∗, ϑ)‖
)
, (5.2)
where ‖·‖ denotes the usual L2 (D˚) norm, and
UM,K
(
%∗, ϑ, t
) = M∑
m=0
K∑
k=1
Jm
(
ζ
(m)
k %
∗
)[
Am,k cosmϑ cos
aζ (m)k t
R (ϑ)
+
+ Bm,k sinmϑ cos aζ
(m)
k t
R (ϑ)
+ Cm,k cosmϑ sin aζ
(m)
k t
R (ϑ)
+ Dm,k sinmϑ sin aζ
(m)
k t
R (ϑ)
]
(5.3)
is the partial sumof ordersM ,K relevant to the Fourier-type expansion representing the solution of the initial-value problem
for the wave equation (4.1).
5.1. Example 1
By assuming in (5.1) γ1 = γ2 = 3/4, p = q = 5, ν0 = 2, ν1 = ν2 = 7, and ϑ ∈ [0, 2pi ], the domain D features a
starfish-like shape, as it can be noticed in Figs. 1 and 2. Let f (x, y) = 17xy sech (1+ 7x2) sin (x+ 2y) / (1+ 3y2 + 5y4) and
g (x, y) = x − y be the functions describing the initial distributions of displacement and velocity, respectively, within
D under the hypothesis of normalized propagation constant a = 1.
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a
b
Fig. 1. Initial distributions of displacement (a), and velocity (b) within the starfish-shaped domain D described by the polar equation (5.1) with
parameters γ1 = γ2 = 3/4, p = q = 5, ν0 = 2, ν1 = ν2 = 7.
Fig. 2. Spatial distribution of the displacement v (x, y, t) within a starfish-shaped domain D at different times, as predicted by the Fourier expansion
representation (5.3) with ordersM = K = 50.
Then, as regards the relative boundary error eM,K , the numerical results summarized in Table 1 are obtained. In
particular, as it appears from Fig. 1, the selection of the expansion orders M = K = 50 leads to a very accurate Fourier
representation of the solution of the relevant initial-value problem. Finally, shown in Fig. 2 is the spatial distribution of the
displacement v (x, y, t)within the considered domain D at different times, as predicted by the Eq. (5.3) with thementioned
expansion orders.
5.2. Example 2
By assuming in (5.1) γ1 = 1/8, γ2 = 1, p = q = 2, ν0 = ν2 = 6, ν1 = 2, and ϑ ∈ [0, 2pi ], the domain D features an
ovaloid-like shape, as it can be noticed in Figs. 3 and 4. Let f (x, y) = [x + y + cos(7ey2 + 9x2)]/[7ex2 + 9y2 + sin(2pixy)]
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Fig. 3. Initial distributions of displacement (a), and velocity (b) within the ovaloid-shaped domain D described by the polar equation (5.1) with
parameters γ1 = 1/8, γ2 = 1, p = q = 2, ν0 = ν2 = 6, ν1 = 2.
Fig. 4. Spatial distribution of the displacement v (x, y, t) within an ovaloid-shaped domain D at different times, as predicted by the Fourier expansion
representation (5.3) with ordersM = K = 60.
and g(x, y) = x + y be the functions describing the initial distributions of displacement and velocity, respectively, within
D under the hypothesis of normalized propagation constant a = 1.
Then, as regards the relative boundary error eM,K , the numerical results summarized in Table 2 are obtained. In
particular, as it appears from Fig. 3, the selection of the expansion orders M = K = 60 leads to a very accurate Fourier
representation of the solution of the relevant initial-value problem. Finally, shown in Fig. 4 is the spatial distribution of the
displacement v (x, y, t)within the considered domain D at different times, as predicted by the Eq. (5.3) with thementioned
expansion orders.
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Fig. 5. Initial distributions of displacement (a), and velocity (b) within the equisetum-shaped domain D described by the polar equation (5.1) with
parameters γ1 = γ2 = 3/4, p = q = 7, ν0 = 10, ν1 = ν2 = 6.
Table 2
Relative boundary error eM,K for different expansion orders of the Fourier-like solution of the initial-value problem for the wave equation (4.1) within the
domainD described by the polar equation (5.1) with parameters γ1 = 1/8, γ2 = 1, p = q = 2, ν0 = ν2 = 6, ν1 = 2.
eM,K M = 0 M = 30 M = 60
K = 1 100.75% 74.644% 74.644%
K = 30 88.917% 11.640% 11.546%
K = 60 88.775% 03.267% 03.190%
Table 3
Relative boundary error eM,K for different expansion orders of the Fourier-like solution of the initial-value problem for the wave equation (4.1) within the
domainD described by the polar equation (5.1) with parameters γ1 = γ2 = 3/4, p = q = 7, ν0 = 10, ν1 = ν2 = 6.
eM,K M = 0 M = 30 M = 60
K = 1 99.325% 74.383% 74.382%
K = 30 91.050% 15.745% 15.744%
K = 60 90.612% 04.291% 04.239%
5.3. Example 3
By assuming in (5.1) γ1 = γ2 = 3/4, p = q = 7, ν0 = 10, ν1 = ν2 = 6, and ϑ ∈ [0, 2pi ], the domain D
features an equisetum-like shape, as it can be noticed in Figs. 5 and 6. Let f (x, y) = log (1+ x2y2) − 12xy cos (x+ y) and
g (x, y) = x3y2 + 3x2y− 2x be the functions describing the initial distributions of displacement and velocity, respectively,
withinD under the hypothesis of normalized propagation constant a = 1.
Then, as regards the relative boundary error eM,K , the numerical results summarized in Table 3 are obtained. In
particular, as it appears from Fig. 5, the selection of the expansion orders M = K = 60 leads to a very accurate Fourier
representation of the solution of the relevant initial-value problem. Finally, shown in Fig. 6 is the spatial distribution of the
displacement v (x, y, t)within the considered domain D at different times, as predicted by the Eq. (5.3) with thementioned
expansion orders.
Remark 3. We note that when the initial values have wide oscillations, it is necessary to increase the number of terms in
the relevant Fourier expansion, in order to obtain better results.
Remark 4. The L2 normof the difference between the exact solution and its approximate values is generally small. Pointwise
convergence seems to be verified in the considered domains, with only exception of a set of measure zero (see [11]),
corresponding to singular points for the boundary or initial data. In such points oscillations of the approximate solution,
recalling the classical Gibbs phenomenon, usually appear.
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Fig. 6. Spatial distribution of the displacement v (x, y, t)within an equisetum-shaped domain D at different times, as predicted by the Fourier expansion
representation (5.3) with ordersM = K = 60.
6. Conclusion
It seems that the use of suitable stretched co-ordinate systems, reducing a star-like domain to a unit circle, allow the
application of the classical Fourier method to a wide set of differential problems in complex two-dimensional domains,
permitting us to find solutions in a closed form, and to avoid some more cumbersome techniques such as finite-difference
methods, since it is possible to use only quadrature rules.
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